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The Weak Downward Lowenheim-Skolem theorem has the following at first striking consequence: if ZFC is
satisfiable (which we really hope it is), then it has a countable model. This may seem strange because this
countable model M satisfies the sentence that there is an uncountable set since Cantor’s theorem that the

reals are uncountable is true in M. Does this imply that ZFC is not satisfiable? Of course not and here are
the two reasons why (second being the main reason).

(1) Replacing the universe of M with IN, we may assume that M =N, so eM is just a binary relation on IN,
i.e. a subset of N2. So what if somehow M satisfies the statement that reads as “there is an uncountable
set”? It is just some statement about this binary relation €™ and it does not imply anything about the
actual sets and the cardinality of M.

Even if M was a set of sets and e was the true €, then the countability of M would simply imply that
M’s version of the real numbers, RM, is indeed countable (for us), i.e. there is a bijection f : RM N,
This bijection is a set, namely a subset of RM x N, but it may not be an element of M—the latter
doesn’t contain all sets, only countably-many of them. In fact, since M satisfies the statement “RM is
uncountable”, we conclude that f € M for sure! In other words, M does not “see” the countability of RM
and thus thinks that RM is uncountable. It’s like how people thought the world was endless before they
discovered it was round since all they could see was the ocean up to the line of the horizon and for all
they knew it continued forever. The only difference is that we eventually obtained the knowledge that
Earth is round and finite, while M never will.
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